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With the aid of tensor notation and methods, the equations for transforming the stiffness and 
compliance constants of crystals from one set of orthogonal axes to another are presented in compact 
tabular form. A similar treatment is also given for the piezoelectric constants. 

1. Elast ic  cons tants  

In  full  tensor notation, the generalized Hooke's law 
can be wri t ten (Mason, 1946, 1947; Wooster, 1938; 
Ins t i tu t ion  of Radio Engineers, 1949) 

xij = sijklXkz , (1) 

where xij are the s train components ,  
sij~z are the 'compliance constants ' ,  
Xkz are the stress components.  

The suffixes i, j ,  k, l m a y  take any  values from 1 to 3, 
and the usual  convention is observed whereby repe- 
t i t ion of a suffix implies summat ion  with respect to 
tha t  suffix. Under  a change of axes from x, y, z to 
x', y', z', where 

x '  = ~ x + ~ 2 Y + ~ a Z  , | 
y' = ~ + ~ y + ~ ,  ] (2) 
z'  = ~ x  + Y2Y + ~3 z , 

the  compliance constants are t ransformed according 
to the equation 

! 
Si~kl = i,jnkolps,n~op , (3) 

where i, j ,  k, 1 on the r ight-hand side now represent 
~, fl or 7, writ ing 1 for ~, 2 for fl and 3 for 7, and 
m, n, o, p take the values 1, 2, or 3. 

Equat ion  (1) is almost invar iab ly  contracted to 

Xq = 8 q r X r ,  ( 4 )  

where q and r m a y  take values from 1 to 6, by  re- 
placing the suffixes 

11 b y l ,  22 by 2, 33 by 3, 23 b y 4 ,  13 b y 5  
and 12 by 6 .  (5) 

The stresses Xkl and X~ are true tensor components 
and X n can be identified with X1, X~ 2 with X~, 
X33 with X3, Xe3 with Xa, Xla with Xs, and XI~ with 
X e. The strains xq, as usually defined (Love, 1927), 
are not true tensor components and in order to conform 

* This note was originally prepared in 1947, but has re- 
mained unpublished since. It is thought that its publication 
at the present time may be of interest in view of the recent 
appearance of the paper by Lieberman & Zirinsky (1956); 
see also Bechmann (1951). 

A C 1 0  

with Voigt 's definitions (1910) of Sq, it  is necessary 
to ident i fy  x n with xl, x22 with x2, x33 with x3, x23 with 
~x a, Xla with ½x 5 and x12 with ½x e. In  changing over 
from equation (1) to equation (4), this introduces the 
numerical  factors ½ and ~ as follows- 

If i = j ,  k = 1 (q, r -- 1, 2, 3), sijkz ---- Sqr . 

If i = j, k .  1 (q = 1, 2, 3, r = 4, 5, 6), 8ijkl ~- ½ 8 q r .  

If i ~: j ,  k 4 l (q, r = 4, 5, 6), si/,l = -~sqr. 

In  terms of the 'stiffness constants '  Ci/kb the gen -  
eralized Hooke's  law (1) becomes 

Xi j  = Ci/kzXkl , (6) 

o r ,  in contracted form, 

X q  = CqrZ r . (7) 

The numerical  factors ½ and ¼ do not appear  in 
changing over from equation (6) to equation (7), 
and Cijkl = Cq~ for all values of q and r. The equation 
for t ransforming from the axes x, y, z to x', y', z' is 
analogous to (3): 

ci']kz = i~,jnkolpcmaop. (8) 

In  performing the summat ions  indicated by equa- 
tions (3) and (8), it  should be borne in mind tha t  as 
a result  of the relations 

Xi] ~ X j i  , X k l  ~-- X l k  , 8qr -~ 8rq , Cqr ~ Crq , 

a given Sijkl or Ci/kl can usual ly be writ ten in more than  
one way, each way giving a separate term in the 
summation.  For example,  C1123 , C1132 , C2311 a n d  C3211 are 

! all equivalent  to cla, and the equation for Cqr will 
therefore contain 4 terms in c14. The cases which arise 
are those corresponding to the following combinat ions 
of suffixes" 

i i i i (1 term) 
i i j j  (2 terms) 
i i i j (4 terms) 
i i j k  (4 terms) 
i j i j (4 terms) 
i j j k  (8 terms) 

The developed equations (3) and (8) are given for 
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certain particular cases in Table 1. The equations are 
to be read downwards, e.g., 

C l l  = 0 ¢ 4 e l l  ~ - . . .  - ~ - 4 0 ¢ 1 2 0 ¢ 2 ~ 3 C 1 4 - ~ - . . .  , 
t 

814 
-£  = ~1~fl~71sn+. . .  

2 + (o,1~ 7~ + ~ 7 3  + 2 ~  ~/~17~) + 

The six cases selected for presentation in Table 1 
are typical ones from which the remaining 15 equations 
may  be derived by suitable interchange of c~, fl and 7. 
In  practice, the derivations can be made by means 
of the rules given in Table 2. 

Table 2. Rules for deriving transformation equations of 
remaining elastic constants 

in the equation 
To derive write for for 

v v t t 
C33 (833) 7 ~X e l l  (S l l )  

e l3  (813) r ~ C12 (812) 
~' : t ! c~3 (s~3) 7 a c12 (812) 

C36 (836/2)  

ch (~h/2) ~ ~ c~ (s~g2) 
C~4 (8~.4/2) ~ 0; C~5 (815/2)  

{ I c~e(s~d2) ~ ~ ' ' a 7 c~5 (slJ2) 

:} C34 (834/2)  7 C15 (815/2)  

C35 (835/2)  ~ C15 (815/2)  

, , { a  : }  c~e(s~6/4) C45 (845/4)  7 

ch (sh/4) 7 a c~e (s~e/4) 

As an alternative to the use of equations (3) and (8), 
the method given by Voigt (1910, pp. 589, 595) may 
be used to obtain the developed equations; Voigt's 
method has in fact been used to check the equations 
in Table 1. Certain of these equations are well known. 

t t 
The full equations for s34 and s35 (which are simply 
related to the equation for s15 ) have been derived by 
Goens (1932). Voigt (1910) gives the key terms in the 

t t ! t p 
expressions for sn, s33 , s23 , s44 and c11, and Cady (1946) 

t ! t t t gives those in the expressions for s11, s23, s44, cn, c23 
and c~4, the remaining terms being obtained by cyclic 
interchange of suffixes. 

The equations as they stand refer to the most general 
rotation in a material possessing the maximum number 
(21) of independent elastic constants. In a material 
which, owing to its symmetry,  possesses a smaller 
number of independent elastic constants, the equations 

are simplified (see, for example, Hearmon, 1946). The 
equations are also simplified if the rotation is restricted 
so tha t  one axis remains unaltered in position. For a 
rotation 0 from x towards y about the axis of z, 
equations (2) become: 

x' = x c o s 0 + y s i n 0 ,  
y' = - x  sin O + y cos 0 ,  
Z ~ ~--- Z ,  

i.e. O~ 1 = m, a2 = n, a3 = 0 ,  | 
i l l =  - n ,  f l 2 = m ,  f 1 3 = 0 ,  ] (9) 
7 1 =  0, 7~ = 0 ,  7 3 =  1,  

where m = cos 0, n = sin 0. 
The system of equations for transforming the elastic 

compliances under this rotation was originally given 
by Voigt (1910, p. 593). The equations have been 
frequently quoted, but  Cady (1946, p. 71) has pointed 
out tha t  they contain some misprints. Substi tution of 
the direction cosines (9) in the full set of equations 
corresponding with Table 1 shows, however, tha t  there 

t are two further misprints, one in the equation for sl~ 
and the other in the equation for s~6. The correct 
equations are as quoted by Cady, except tha t  

t 
S12 = (Sll + S~.~. -- s66)m2n2 + s12 (m 4 + n 4) 

- -  (816 - -  826 ) (m3n-ran3) ,  
v 

836 = 2 (823 - -  813)mn-4- 836 (m 2 -- n 2 ) .  

2 .  P i e z o e l e c t r i c  c o n s t a n t s  

The piezoelectric properties of crystals are expressed 
by the tensor equations* 

Pi = eijkxi~ = d i j kX jk ,  (10) 

where Pi is the polarization, e and d are piezoelectric 
constants and moduli respectively, and i, j and k can 
take the values 1, 2 or 3. In the more usual con- 
tracted form, equations (10) become 

Pi  = eirxr --- d irXr,  (11) 

where r may  have any value from 1 to 6, the actual 
value in terms of jk  being determined by the rules (5) 
applicable to the elastic constants. 

Owing to the fact tha t  the x~ are not tensor com- 
ponents, the constants di~ are expressed in terms of 
di/k as follows: 

If j = k ( r =  1 ,2 ,3) ,  d/s k =  d/~. 

If j # k (r = 4, 5, 6), di] k = ½ d i r .  

The constants % are given by ei]k = el, for all values 
of r. 

The transformation from x, y, z to x', y', z' takes 
place according to the equations 

* Equations (10) and (11) correspond to Voigt's formula- 
tion of piezoelectric theory. For ferroelectrie materials, such 
as Rochelle salt, other formulations may be preferable; see 
Cady (1946, particularly chap. 11), Mason (1947, 1950), 
Haskins & Hickman (1950), and Bechmann (1953). 
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i 
d,~, = imj~kod,,,o, 

e ~  = i~ j  flcoe~no , 

(cf. equations (3)), and the 4 typical developed equa- 
tions are given in Table 3. The remaining 14 equations 

Table 3. Transformation equations of  typical piezo- 
electric constants 

ell el2 el4 e26 

(d~l) (d~2) (d~4/2) (d~s/2) 

ell(dll) 
e12(d12) 
e13(d13) 
e14(d14]2) 
e~5(d~5/2) 
e~e(d~6/2) 

e21(d21) 
e22(d22) 

e23(d23) 
e24(d24/2) 

~ ~1~1 ~1~1rI ~1~1 
~1~] ~1~ ~1~2r2 ~2~1~2 
~1~ ~1~ ~I~3~3 ~3~1~3 

2 ~  2~1~2~ ~ y ~ + ~ & y ~  ~ I ~ + ~ i ~  
2 ~  2 ~ i ~  ~ 3 + ~ r ,  ~ + ~  
2 ~ 2  2~1~1~ 2 ~1~1~2-~1~2~ 1 ~1~1~2-~-~2~ 

~ ~2~2 ~2~2Y2 ~2~ 
~2~ ~2~ ~2~3~3 ~3~2~3 

2 ~  2 ~  ~ r 2 + ~ r 3  ~ + ~  
e25(d25/2) 20~la2a 3 

e26(d26/2) 2~x10¢2 

eal(d31) 0 ~ 3  

es2(d32) ~220~3 

e33 (d33) o~ 3 

e34 (da4/2) 20~2(x32 

e35(d35/2) 20¢1o¢ ~ 

e36(d36/2) 2al~X2~X 3 

2~2~1~3 ~2~1~3"~-~2~3~I ~I~2~3"~-~3~I~2 
2~2~I~2 ~2~172"~-~2~2~1 ~2~I~2"It-~1~ 

~3~ ~3~i~1 ~i~1~3 

2 ~  ~ r ~ + ~ 2 r ~  ~ + ~ i  

2 ~  ~ + ~ 7 ~  ~ + ~ 2 ~ 1 ~  

can be obtained by suitable interchange of a, fl and 7, 
in practice by means of the rules given in Table 4. 
Voigt (1910, pp. 837, 839) has described an alternative 
method of deriving the developed equations, and the 
equatioas in Table 3 have been checked by Voigt's 
method. 

As in the case of elastic constants, the equations are 
simplified (a) if the material possesses less than 18 
independent piezoelectric constants, and (b) if the 
rotation is restricted so tha t  one axis remains un- 
altered in position. Voigt (1910) has derived the 
equations for ei, corresponding to the rotation (9) 
about the z axis and these equations have been quoted 
by Cady (1946). Insertion 0f the direction cosines (9) 
in the full set of equations corresponding with Table 3 
leads exactly to the system of equations given by 
Voigt and Cady. 

Table 4. Rules for  deriving transformation equations of  
remaining piezoelectric constants 

in the equation 
To derive write for for 

e~2(d/. 2) fl a e~l(d~l ) 
e~3(d33) ~ o~ e;l (dll ) 

e~a(d;a) r fl ei2(d~u) 

%1 (dsl) 7 

~(d~) ~, o, ei~.(dh) 

, , { a fla} e~.(d~J2) e15 (dlJ2) 7 

e~, (d~J2) 7 a e~6 (d~J2) 

eh(d~J2) { 7 ~ }  e~'(d2J2) 
t t t i 

e35 (daJ2) 7 fl e26 (d26/") 

7 e14(d14/2) 

This paper is published by permission of the De- 
par tment  of Scientific and Industrial Research. 

R e f e r e n c e s  

BECHMANN, R. (1951). Arch. Elect. Ubertragung, 5, 360. 
BECHMANN, R. (1953). Brit. J .  Appl.  Phys. 4, 210. 
CADY, W. G. (1946). Piezoelectricity. New York; London: 

McGraw Hill. 
GOENS, E. (1932). Ann.  Phys., Lpz. 15, 455, 902. 
HASKINS, J. F. & HICKMAN, J. S. (1950). J.  Acoust. Soc. 

Amer. 22, 584. 
HEARMON, R. F. S. (1946). Rev. Mod. Phys. 18, 409. 
INSTITUTION OF RADIO ENGI~EERS. (1949). Prec. lnst .  

Radio Engrs, N . Y .  37, 1378. 
LIEBERMAN, D. S. & ZYRINSKY, S. (1956). Acta Cryst. 9, 

431. 
LovE, A . E . H .  (1927). The Mathematical Theory of 

Elasticity. Cambridge: University Press. 
MASON, W.P .  (1946). Phys. Rev. 70, 705. 
MASON, W.P .  (1947). Bell Syst. Tech. J .  26, 80. 
MASON, W.P .  (1950). Piezoelectric Crystals and their 

Application to Ultrasonics. New York: van Nostrand. 
VomT, W. (1910, reprinted 1928). Lehrbuch der Kristall. 

physik. Leipzig: Teubner. 
WOOSTER, W. A. (1938). A Text Book on Crystal Physics. 

Cambridge: University Press. 


